Abstract. In the present study, harmonic and chaotic behaviors of a thin circular functionally graded (FG) plate are studied. Using nonlinear governing equations of FG plate subjected to one-term excitation force and utilizing special shape function, Duffing equation of the system is derived. Employing Melnikov analysis, the conditions of existence of harmonic and chaotic motions for derived Duffing equation are expressed. By use of the Poincare maps, the identified dynamical behaviors are illustrated based on the numerical solutions of the governing equations. The bifurcation diagrams are presented in the case that the excitation amplitude increases, while other parameters are fixed. It is indicated that, with the increase of the excitation amplitude, the motion changes from period-1 to period-2, and then to period-4, and finally is chaotic. It is confirmed that the graded plate with more ceramic constituent has higher resistance to chaotic phenomenon in comparison with the graded plate with more metal constituent. Finally, a simple control method is employed to control the chaotic vibration of the plate.
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Nomenclature a radius of circular plate c ceramic E Young's modulus h plate thickness m Metal n volume fraction index P .r; t / uniformly distributed lateral loading intensity q.r ; / non-dimensional lateral loading intensity r; Â; z cylindrical coordinates t time variable u; w radial and transverse displacements of the middle plane, respectively Poisson's ratio ' non-dimensional stress function non-dimensional excitation frequency mass density dimensionless time variable .r; t / stress function * star exponent indicates nondimensional parameters ı damping coefficient q 0 amplitude of excitation
Introduction
In practice, thin plate structures subjected to sever dynamic loading, have been used in various modern engineering structures. These structures may be subjected to large vibration amplitudes. Since the amplitude of vibration is of the same order of the thickness of the plate, which induces a significant geometrical nonlinearity, the dynamic relation of the von-Karman equations, as the nonlinear equations of motion for thin plates, should be employed. Huang and Sandman [1] and Huang and Al-Khattat [2] studied the nonlinear free and forced vibrations of circular and annular plates with various boundary conditions. Using vonKarman equations and the Kantorovich method, numerical results were investigated. There have been a lot of studies on vibration of FG plates in the literature. Using finite element method, Praveen and Reddy [3] tried to investigate the dynamic behavior of the nonlinear transient thermo-elastic analysis of FG plate. Under impulsive dynamic loads, Yang and Shen [4] studied the dynamic response of initially stressed FG rectangular thin plates. Effects of volume fraction index, plate aspect ratio, the shape and duration of impulsive load on the dynamic response of FG plates were studied in this work.
Chaotic behavior may be detected in a wide variety of dynamical systems. Chaotic systems feature unstable periodic orbits and sensitivity to parameters, initial conditions, and external disturbances [5, 6] . Yeh studied the dynamic behavior of a simply supported thermo-mechanically coupled rectangular orthotropic plate undergoing large deflections [7] . To characterize the dynamic behavior of the plate under various excitation conditions, phase diagrams, power spectra, bifurcation sections, fractal dimensions and the maximum Lyapunov exponent were used. Using a shear flexible finite element approach, Prakash et al. [8] investigated the large amplitude flexural vibration characteristics of functionally graded material (FGM) plates under supersonic airflow. Based on exact neutral surface position and von Karman's assumptions for large displacement, they modeled the FGM plate using the first-order shear deformation theory. Through the plots of transverse displacement, phase portrait, Poincare map and bifurcation diagram, they assessed the harmonic, periodic or quasi-periodic nature of the flexural vibration under aerodynamic load. Yuda and Zhiqiang [9] studied chaotic behavior of thin circular functionally graded plate in thermal environment. Using Galerkin method for the circular plate with clamped immovable edge, they deduced the Duffing nonlinear forced vibration equation. Employing Melnikov method, the criteria for existence of chaos under one-term and two-term periodic perturbations were given, and bifurcation curves for the homolinic orbits were plotted. They discussed the effects of material volume fraction index and temperature on the criteria and by plotting phase portraits and Poincare maps, validated the existences of chaos. They found that under certain conditions, periodic solution, multiple periodic solutions and chaotic motions exist for the FGM plate.
In practical applications, chaotic behavior is undesirable and should be controlled. To cope with such behavior, some classical model-independent control methods (such as time delay feedback control scheme first introduced by Pyragas) are useful. One of the advantages of this method is that it requires only a period constant rather than the exact information of the orbit to be stabilized. Since this method has been very successful in controlling chaos in the Duffing system [10, 11] . Accordingly, stabilizing unstable periodic orbits embedded in chaotic attractors has become a very attractive research area. Ott et al. [12] , were the first researchers who pointed out that the existence of many unstable periodic orbits (UPOs) embedded in chaotic attractors raises the possibility of using small external forces for the purpose of obtaining various types of regular behaviour. Since then, a lot of chaos control methods have been developed, among which the delayed feedback control (DFC) scheme has gained widespread acceptance. It is one of the most popular control schemes for stabilizing dynamics of chaotic oscillators and inherent unstable periodic orbits in chaotic systems and is proposed by Pyragas [13] . One of the advantages of this method is that instead of the exact information of the orbit to be stabilized, it requires only a period constant [11] . Further extension of the method is reported in [14] and [15] .
In this paper, first the nonlinear equations of large amplitude vibration of a thin circular FG plate is described and the associated special shape function is introduced. Then, Duffing equation of the system is derived, and employing Melnikov analysis, the defined criterion whether motion is chaotic or harmonic is studied. Using the numerical simulation, bifurcation diagrams are presented, and roads to chaos are studied. Finally, delayed feedback control method is introduced and utilized to control the undesired chaotic motion.
Governing Equations
According to dynamic loading conditions, thin-plate structures with low weight often should be able to support large amplitude of vibration. Fig. 1 shows a thin circular FG plate. The plate is composed of a mixture of metal and ceramic, with constant thickness h and radius a, i.e. the top surface .z D h=2/ of the plate is ceramic-rich while the bottom surface .z D h=2/ is metal-rich. The properties P (e.g., Young's modulus E, and mass density / of the FG plate vary continuously from top surface to bottom surface [16, 17] :
where volume fraction index n shows how the material properties vary through the thickness. It is considered that the Poisson's ratio is constant. According to Kirchhoff plate theory [18, 19] , governing equations of the FG plate can be expressed in dimensionless form [20] .
where A, B and R are defined in Appendix 1. For derived governing equations of motion and all dimensionless time , a set of boundary conditions at the outer boundary is needed. The boundary conditions of w.r; / and '.r; / could be set according to transverse and radial constraints. Considering a circular plate with clamped immovable edge, the boundary conditions at the center could be implied as:
The dimensionless radial displacement function u.r; / can be expressed by [20] :
As mentioned, the plate edge is clamped and immovable in r direction. Therefore, the boundary conditions at r D 1 can be written as:
Duffing Equation
Associated boundary conditions for the plate edges were expressed in the previous section. In the present study, oneterm excitation q.r; / D q 0 .r/ cos. / is considered, in which, is the non-dimensional frequency of the transversal excitation. The displacement of the circular plate can be assumed [9] :
where f . / is a dimensionless function of time and .r/ is the shape function of thin circular FG plate satisfying all boundary conditions. Considering Eq. (7), Eq. (2) can be expressed as:
The solution for '.r; /can be written in the following form:
Applying boundary conditions expressed in Eqs. (4) and (6) 
Multiplying Eq. (11) by corresponding selected shape function of the lateral displacement, and integrating over the surface of the plate results in:
where k 1 , k 2 , k 3 , a 1 , a 2 and a 3 are defined in Appendix 1.
Periodicity Analysis
Equation (12) is categorized in Duffing equation class. It is clear that a 3 q 0 cos. / is even and periodic with period T D 2 = . By using Schauder's fixed point theorem, it has been proven that there is an even periodic solution f . /, such that f .0/ D 0 and f . T / D f .T /. From Schauder's fixed point theorem, it is concluded that if a 1 > 2 ı 2 or 6 p a 1 , no conclusion can be drawn about the existence of periodic solution. If the forcing frequency > p a 1 (where the natural linear resonance frequency is 1), then there is a periodic solution with frequency if the amplitude of forcing term F D max ¹ja 3 q 0 cos. /j W t 2 OE0; T º is 6 F 0 , which is a limiting value which goes toward 0, as ! p a 1 and goes toward 1, as a 2 ! 0. By substituting D 2 =T in achieved equations, it can be inferred that when 0 < T 2 a 1 < 4, the existence of periodic solution is guaranteed. The Fixed Point theorem also guarantees the uniqueness of the solution, but it does not indicate that the system will not have any bifurcations under the conditions that the theorem holds [21] .
Chaotic Behavior
Considering damping coefficient ı, Eq. (12) can now be written as: , and D ! 0 , the non-dimensional equation is obtained as:
For the case in which˛1 and˛2 are small parameters with order of ", this equation can be rewritten as:
Applying Melnikov method, the criteria of existence of homoclinic bifurcation and chaos could be derived. The Melnikov function is expressed by [9] :
where .F1 . /; F2 . // are the homoclinic orbits which are represented by:
where is the cross section time of the Poincare map and can be interpreted as the initial time of forcing term. Accordingly, M˙. 0 / has quadratic zeros and system (Eq. (15)) may be chaotic if:
Now we study numerical simulation and investigate the dynamic bifurcation of the thin circular functionally graded plate. In this study, the radius and thickness of the plate are a D 0:5 m and h D 2 mm, respectively. In addition, Aluminum is considered as the material which forms the upper surface of the FG plate and the lower surface of this FG pate is made up of ceramic. Fig. 2 . The region under each curve in this figure is associated with chaotic zone. The border line of chaotic region in . ; q 0 / plane with ı D 400 N/m 2 for different volume fraction index n is illustrated in Fig. 3 . In this figure, the region above each curve is associated with chaotic zone. As can be seen, by decreasing the volume fraction index, the area of chaotic regions is reduced. It is concluded from the figures that when all parameters except amplitude of excitation are fixed, graded plate with a bigger volume index n is more likely to be chaotic compared to that with a smaller one. is observed that for different values of the volume fraction index n, the dynamic behavior of the system changes. When n D 1, the system indicates periodic behavior (Fig. 4) , while when n D 100, chaotic motion is observed (Fig. 5) . Poincare map and bifurcation diagram are modern methods used for the analysis of non-linear systems. The Poincare map is a suitable tool to recognize the dynamical behavior, especially chaos. The dynamics may be viewed globally over a range of parameter values, through which simultaneous comparison of regular and chaotic motions is possible. The bifurcation diagram provides a summary of essential dynamics and is therefore a useful tool for acquiring this overview. Fig. 6 
ure confirms that utilizing the above mentioned values, the vibration behavior of the system is chaotic. Figure 7 shows the bifurcation diagram of the system via the excitation amplitude, and its local magnification, depicted and shown more precisely. It can be deduced from the figure that, with the increase of the excitation amplitude (while other parameters are fixed), an early stage of perioddoubling bifurcation occurs. That is, a period-1 motion becomes a period-2 motion at q 0 66 N/m 2 (illustrated in Fig. 8(upper) ), and the later further becomes period-4 motion at q 0 68:3N=m 2 (depicted in Fig. 8(bottom) ). If the excitation amplitude is increased to q 0 69 N/m 2 , explosive bifurcation occurs, which indicates that there is a discontinuous increase in the size and form of a chaotic attractor, the new enlarged attractor, after bifurcation, which includes within itself the phase space regime of the old attractor. Figs. 2 and 3 . Besides, these results are in good agreement with bifurcation diagrams depicted in Fig. 7 . In order to assess the resistance of the FG circular plate to chaotic phenomenon, bifurcation diagrams of the system for different volume fraction index n, are illustrated and compared in Fig. 9 . It should be noted that a larger value of n corresponds to a graded plate with more metal constituent while a smaller value of n corresponds to a graded plate with more ceramic constituent. With that in mind, one could conclude that the graded plate with more ceramic constituent has higher resistance to chaotic phenomenon in comparison with the graded plate with more metal constituent. More precisely, according to Table 1 which summarizes the results of Fig. 9 , for a bigger n, smaller value of excitation amplitude is capable of causing chaotic behavior. Therefore, results extracted from Table 1 express less resistance to chaotic phenomenon of graded plate with more metal constituent than that with more ceramic constituent, and vice versa.
To diminish the chaotic response of the FG plate, delayed feedback control method is introduced and utilized to control this undesired motion and change it into regular motion.
Delayed Feedback Control Method
The control signal in delayed feedback control method is formed from the difference between the current state of the system and the state of the system delayed by one period of the unstable periodic orbit. In this way, the control signal vanishes when the stabilization of the desired orbit is attained. The real-time computer processing is not necessary for utilizing the method and it can be applied in different experimental contexts easily [14] .
Implementation of Delayed Feedback Control Method
Equation (14) could be rewritten in a more convenient form as follows:
which is an equation of the second order. We change Eq. (19) into two equations of the first order by defining x 1 D F; x 2 D P F and obtain: Let's define P 
By adding control signal, one will get:
where u is the appended control input and f is the function which can be obtained from Eq. (14) . Implementing Pyragas delayed feedback control method leads to
where the gains K 1 D 0:14 and K 2 D 0 are obtained heuristically. The phase plane of the controlled system is depicted in Fig. 10 . Fig. 11 shows the controlled time response of the system in the case of applying control signal of Eq. (23). The time response of the control signal u.t / is depicted in Fig. 12 . Results obtained using numerical simulations demonstrate the effectiveness of delayed feedback control method in controlling the chaotic vibration of the system. 
Conclusion
Harmonic and chaotic behaviors of a circular functionally graded (FG) plate were studied. Using nonlinear governing equations of FG plate subjected to one-term excitation force and using special shape function, Duffing equation of the system was derived. After expressing the paragon of existence of harmonic and chaotic motions for derived Duffing equation, numerical simulations were utilized to depict the effects of different parameters including material volume fraction index n on chaotic behavior of the plate. Employing Melnikov analysis, for some magnitudes of parameters, periodic motion, and for some other conditions, chaotic motion was found. By use of the Poincare maps, the identified dynamical behaviors were illustrated based on the numerical solutions of the governing equations. The bifurcation diagrams were presented in the case of increase in the excitation amplitude, while other parameters were considered to be fixed. It was indicated that the motion changes from period-1 to period-2 by increasing the excitation amplitude, and then to period-4, and finally is chaotic. It was confirmed that the graded plate with more ceramic constituent has higher resistance to chaotic phenomenon in comparison with the graded plate with more metal constituent. Finally, delayed feedback control method was employed to control the chaotic response of the FG plate and change it into regular one.
